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Matrix divisors
A.Weil,1938; A.Grothendieck, 1957; A.Tyurin, 1964-66

Set-up:

Riemann surface ¥, semisimple Lie algebra g/C, a faithful
g-module V, the corresponding Chevalley group G = G((2))
over C((2)).

(C((-))-Laurent expansions, C[[-]]-Taylor expansions), C(-) - rational
functions)

Given a covering U = {U} of X, a Chech 0-cochain with coeffs
in G((2)) is a correspondence U — Ay, Ay € G((z)) being a
Laurent expansion centered at a unique point v € U.

Two cochains A and B are equivalent (A ~ B) if 3C — a cochain
with coeffs in G[[z]] s.t. A= CB.

‘ Matrix divisors = coChains/ N\




Matrix divisors and holomorphic vector bundles

Given a covering > C (|J U,) U, take a Chech 0-cochain
yel
A={A, (v €Tl), A} with coeffs. in G((z)). Then the cocycle

AU, U = AAY

gives a holomorphic vector bundle with the fiber V.

Vice versa, given a holomorphic
vector bundle, its gluing functions
always split as g, = A,A5]
where A, can be continued
meromorphically into U,, and A,
to U, thus giving a cochain.




Canonical form of a matrix divisor

z —local parameteron &, h € L,
z" € End(V) : zv = z#(My for v € V, (i.e. z" — diagonal matrix)
Fact: max torus T C G consists of 2", s.t. he L,.

Def. The chamber A, C T is generated by 2",
h € L, n'Weil chamber

THEOREM (ON ELEMENTARY DIVISORS):
1) G= KA;K where K = G[[z]] (Cartan decomposition);
2) A,-component of the decomposition is defined up to TN K.

Corollary: up to equivalence ¥, = zM K, (K, € K).

h,, v € T —discrete invariants of the matrix divisor,
K,, v € I give moduli.



Classification problem

Given a divisor V its section is a local meromorphic V-valued
function f s.t. Wf is holomorphic in the domain of definition.

Problem: classify matrix divisors with the same discrete
invariants I', h and the same sheaf of sections

THEOREM: 1° The moduli space of matrix divisors is a

_ 0
homogeneous space Mr =K x ... x K/ [[ K} where

" er
|| times 7

KO C K is the stationary subgroup of the divisor z/.
2° For its tangent space at the unit we have

TeMrp = D (clizll/z2™cf]]) o

~v€el, aeRt :a(hy)>0



Dimension of a moduli space

Let V,, be a number of parameters at a v € T. It follows by
previous theorem that

N, = Z a(hy) = stim ge
a€R* :a(hy)>0 s>0

where gs = {X € g | (ad hy)X = sX}. Below we assume h, to
be dual to a simple root, say a., and (a : ) to denote
multiplicity of o, in a root «.. Then

Ny = Z(a D Oy).
a>0

Regard to v € I as to free parameters, and identify matrix
divisors related by common conjugation by a constant element
of G. Denote by M, the corresponding moduli space. Then

dim My = 2(1 +N,) —dimg.

yel



When dim Mp = (dimg)(g —1) ?
Assume, h, is independent of . Then it also holds for \,:

Ny=N, Vvyel.

It follows that dim My, = (1 + N)|I'| — dim g, hence we need
(1 + M|l = (dimg)g.

Since g and the Riemann surf. are absolutely independent,
generically 1 + A is not divisible by g. Assume 3r € Z . s.t.
IF| = rg. Then

(1 +N)r=dimg.

The only general reason for the last is that

r =rankg, N = Coxeter number.

Our question reads now: | When \ = Coxeter number ?




How to calculate N ? (examples)

An_‘] .

oy o2 Qp—1  Qn

Positive roots: a;+ ...+ (1 <i<j<n).
Roots of height 1 in a4: ay +... 4+ «a; (1 <j < n). Hence
dimgs = n—1, go is absend. \N:dimm =n-1 \

Go: %2 , grading by multiplicity of as

%
Positive roots: a1, ao, oy + a0, 201 + o, 3y + an, 3aq + 2a0
91 g2

dimgy =4, dimgo =1, /\/:dlmg1+2d|m92:6




Relation between the number of parameters at a point
and the Coxeter number for classical Lie algebras

dimgy | dimgo | dimgy + 2dimgo | Coxeter number
An—1(gl(n)) | n—1 0 n—1 -
An_1 (sl(n)) | n—1 0 n—1 n
B, 2n —1 0 2n —1 2n
Ch 2n—2 1 2n 2n
D, 2n—2 0 2n—2 2n -2
Go 4 1 6 6

Comments: 1) ' = dim g4 + dim go in all lines;

2) his dual to the shortest terminal root «y of the Dynkin diagr.;
3) N = Coxeter number for A,_1(gl(n)), Cn, Dy, Gz, and does
not hold for A,_1(sl(n)), Bp.



Conformal extensions

G — a simple Lie group/C, Z is its center.

G Z

CG:=GwzC* SL(n) | Zn

SO(2n+1) | Z

Let g = Lie(G), g = Lie(CG), then Sp(2n) Zo
SO(2n) | Z»

=911 C~gaC.
Grading: hoperatesongasadh® 1 (on g ® 1 only).

Hence
1®CC §1.

Natural CG-module: V ® Vi where V is the standard
G-module, Vi ~C, (g@ N (v® vy) = gv @ A%y,



Relation between the number of parameters at a point
and the Coxeter number for conformal extensions

91 dimgy | dimgs | dim§y +2dim g, |Coxeter number
A1 | g1®C n 0 n n
B, |giaC 2n 0 2n 2n
Cn 1 2n-2 1 2n 2n
D, 1 2n—2 0 2n—2 2n—2
GQ g1 4 1 6 6

Comments: 1) conformal extensions are considered for A,,_4

and B, only;

2) By A,_1 we mean sl(n) here;



Questions

m Do conformal extensions appear as a particular case of
some general mathematical construction?

m What could be a general reason for the relation

) " sdim gs = Coxeter number 7
S

m What do the above considered matrix divisors have in
common? Why do we need a conformal extension in some
cases, and do not in the others, in order to obtain the
"correct" dimension?

Conjecture (speculation): the above matrix divisors are
distinguished by the property that the corresponding
holomorphic vector bundles are stable.




Matrix divisors and flag configurations

Recall, given a matrix divisor ¥, by its section we mean a
meromorphic V-valued function f on U s.t. Wf is holomorphic in
a neighborhood of any v € ' N U.

For any v and a local coordinate z : z(v) =0 let
flz)y=>_ fz.
i=—k

Let F; be the subspace in V constituted by the components f; of
all solutions (f_x, f k+1,...,fm_1) to the system Wf = 0. Then

FkCF k1 CS...CFp1CV.

Flag configuration: the set of such flags F7, v € T
COROLLARY: fis asectioniff fj € F; forvy eT.



Matrix divisors and co-dimensional Lie algebras

DEFINITION: Given a matrix divisor ¥ we call the Lie algebra
of meromorphic g-valued functions on ¥ leaving invariant its
sheaf of local sections by endomorphism algebra of ¥, and
denote it by End(V).

In terms of flag configurations:

Let g = Lie(G). Given a flag F consider the following filtration
of g. Remind that V is a g-module. For every i consider a
subspace g; C g such that g;F; C F;; for every j. Then

i C §ir1 because §;F; C Fjy; C Fjyiy1, and [gi, gk] € ik

LEMMA: End(V) is the subspace of the space of all g-valued
meromorphic functions on X satisfying the following
requirement for every v € I'. Let L be such a function, and
L(z) = 3" L;Z' be its Laurent expansion ata v € I'. Then

L; € g;, Vi.



Example: Lax operator algebras

Assume V to be in diagonal form: W, =z, g=g7, @... ® g}
be the Z-grading corresponding to h,, §; = @ g; be the
i<j
corresponding filtration: g_x C ... C gxk—1 C gk = 9.
Let L be a meromorphic g-valued function s.t. in a

neighborhood of any v € T L(z) = i L7z, and
j=

mLl egl,vyerl;
m L is holomorphic outside I and one more fixed finite set
inX.

L is referred to as Lax operator algebra.



Matrix divisors and Hitchin systems

Consider filtrations ... C g/ C g7+1 C ... asflagsin g.
COROLLARY: Any L € End(V) is a section of the divisor Ad V.

Given a divisor D = (w) where w is a holomorphic 1-form on L,
consider the sections L € End(W) holomorphic everywhere
except at the divisor D. They are called Higgs fields.

Let L be a Higgs field, x be an invariant polynomial on g. Then
x(L) is a meromorphic function on  holomorphic everywhere
except at D. Scalar invariants of such functions (say, residues
at the points in D, or coefficients of expansions over certain
base) are called Hitchin Hamiltonians. This story has different
continuations to Separation of Variables, Lax operator
approach, Hamiltonian mechanics, and inverse scattering
method.



Thank you!
Congratulations to Nikolai!



